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— Sample membership indicators

{1 [ € sample
[ I f— .
0 i¢&sample
— Note that I? = I; for all i.

— Under SRS with size n,

« YN I =n.
This implies that E(Z{-V:l Il-) =YN.E() =n.
By symmetry, E(I;) = E(l,) = -+ = E(Iy).
Thus, E(I;) =n/N = f = Pr(I; = 1) = Pr(i € sample).
Observe that V(I;) = f(1 — f).
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— Joint inclusion probabilities
* Pr(i,j € sample) = Pr(l =1,1; = 1)

=Pr(l; = D Pr(l; = 1|I; = 1) = V.
R A O il b iy A VOV
= E(1;1;)
— The covariance between [; and I- is
» Cov(l;, I;) = E(Ii;) — EUDE(}) = = x "=

_rfa-5)
o N—-1 '
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— The sample mean

1
y — Zlesampleyl — = 1Ilyl

* Expectation:
— 1 1 1
- E@Q) = 52?21 E(IDy; = ;Z?’ﬂ (%) Yi = ;Z{Ll Yi = U

e Variance:

- V() = ( ) {Z= v VU + 2505 Xjniva iy Cov (I 1))}

(1 ) N—-1
(){f(l f)le A, llz} m;vl-;v,-}

_fa-o N-1
_nz(N_l){(N_l) = yl _Zzl 1 Z] L+1yly]}
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— Observe that
» (N — 1)21 1YL _ZZN ! §V1+1yLYJ

=(N-1
= ( ) llyl 5115 ;vly,
—NE yi — E E ViYj

=1 =1 ]1
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— Finally, we obtain
_ S2
» V() =—1-f)
— Variance estimator

. 1 _
* The sample variance s = — ¥ ccumpie (Vi — ¥)°.

» Below we show that s2 is unbiased for S2.

— First, rewrite s? as

1 —
» 5% = EZiEsample{(Yi _ .u) - (y — #)}2

1 (
= ) (i = )Z—n(‘—u)z}
n—1 \ziEsample YimH Y
n flz
S = 0= 0% - 5 - w2}
n—1 \n iesample YimH Y H
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— The first term in the curly bracket is the sample mean of
(y; — ,u)2 The expectation under SRS is then given by

1 N-1
» E{ ZLESample(YL H)z} — N £V=1(yi — .u)z = TSZ-
— The expectation of the second term in it is the variance of the
sample mean.
T = V() =2 (1= ) = (L= 1)g2
» E(G - =v@®==0-f)=(--1)%
— The expectation of s is then obtained by

B = (12 st
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— Under SRS with replacement,
*EQ)=u
* V(¥) = 0?%/n, where g% = % N (i — u)?
e E(s?) = o0?

2
* Level-0.95 confidence interval of u: y + 1.96\/%

— When f = 0, SRS without replacement is
essentially equivalent to SRS with replacement.
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» E(t) = E{X5-1th} = Zh-1 E(ty) = THo1 E(Npflp)
= ZZI=1 NLE(fip) = Zlf{=1 Npup = 21;:1 Tp = T.

» V(&) = V{ZHo1th} = T V(ER) = ZHo1 V(Nailp)
— ZZI=1 Nl%V(ﬁh) = Zlfz{=1 Ni% i_’;l (1- fh)-

s 1 N
- ff2L. ;= Np—1 2 ni — #r)?, fr = 1t/ Np.

SZ
+ (BHNEE G f)
— =L sk = —

— g.)2
np—1 Zi€sample in stratum h(yhl Yh) .
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* E() = E{XH_1 Whin} = XH_1 WhE () =
Y h=1 WhE¥p)

= ZZI=1 Whip = .

V(p) = V{Zﬁﬂ Whﬁh} = Zlfz,:l Wh?V(ﬁh)

SZ
= liLzI=1 thn_};(l — fh)-

- (Ziaw2 - f).



